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 !"#$%& '()%*#$"+ ,- f ∈ Rn → Rm
.*/ '()%*#$01"2 1- a ∈ intDf 3!4"5

6147 01 $8"(-%9 L ∈ α(Rn, Rm) $%4(#)%& $(983(-8&7 :($;)(

(

lim

h→0

)

||f(a+h)−f(a)−L(h)||
||h||

= 0

<(=>(=;-8&+ , '()%*#$01"2&#= "84;( .?==("$(4 1 4!):#9 :(=*#$1&-"#&#"2$/

@()%*#$"5:#")%A+

, '()%*#$01"2&#= (9*%*1$(4& #".!=1$:1-#&1+

,- f ∈ Rn → Rm
.*/ '()%*#$01"2 1- a ∈ intDf 3!4"6147 01 $8"(-%9 A ∈ Rm×n

:#")%A7 :($;)(

(

lim

h→0

) ||f(a+h)−f(a)−A∗h||
||h||

= 0

f ′(a) = A 5" '()%*#$":#")%A419 4(*(--?9/ B($#"01"27 0!=; 01 (=; .*/ '(5

)%*#$01"2 1- a 3!4"6147 199!) .!$;"!4!& %&/

95%1/23/75, f ∈ Rn → R '*:&!" .!%/*23#;58

C1)D%#$%& '()%*#$"+

E(=;(4 f ∈ Rn → R .*/7 a ∈ intDf 8& "(9%4"&?9 1- e1, ...en ∈ Rn
914!5

4%9F& (=;&8=*(9"!)!91"/ ,- f .*/4(9 $8"(-%9 1- i. *#$"!-2 &-()%4"% 31)D%#$%&

'()%*#$">17 01+

• F : k(a) ∋ t→ f(a+ t ∗ ei) .*5)(+ F ∈ D(a)/ G99!) 1- %/ '()%*#$"+

• δif(a) := F (a)

@()%*#$"5:#")%A ($H#$$I"#&1 31)D%#$%& '()%*#$"1991$+

E(=;(4 f ∈ Rn → Rm
7 a ∈ intDf 7

f =
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f1
...

fn

∣

∣

∣

∣

∣

∣

: fi ∈ Rn → R

9!!)'%4#"1 .?==*84;/ J1 f ∈ D(a)7 199!)

f ′(a) K

∣

∣

∣

∣

∣

∣

δ1f1(a) δ2f1(a) ... δnf1(a)
... ... ... ...

δ1fm(a) δ2fm(a) ... δnfm(a)

∣
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∣
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∣

∈ Rm×n
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! "#$%&'() *')$%+ ,-!./0% *')$%+12

3#(')4!)56 4/78 4! (9)#:;#< 9= >/(8)/;/=!< ! ?!$.%'(%= "#$%&'()!< #78 ?/;)@

0!;6 !<</$ !00!; ! ?/;)0!; ! >&2 )/)'(%=!; "#$%&'(4!)52

A#<)/$@&#<)/$ >&2#< "#$%&'('=!B

C!(*!: 0#(=D ?/;)E!B

F 0 6= A ⊂ R 4!(*!: 0#(=D ?/;)E! a ∈ A6 4! (9)#:%< δ > 0 : kδ(a) ⊆ A2

-#(#B intA := a ∈ A|letezikδ > 0 : kδ(a) ⊆ A

G%H#$#;.%'(4!)5='7B

F: f ∈ R→ R >&2 "%H#$#;.%'(4!)5 !: a ∈ intDF ?/;)0!;6 4! (9)#:%< 9= &97#=

!

(

lim

h→0

)

(f(a+h)−f(a)
h

) =: f ′(a) 4!)'$9$)9<6

*#(8#) !: > "#$%&'()E';!< 4I&J;<2 3#(')4!)56 4/78 ! "#$%&'(4!)5='705( <K&#)<#:%<

! >/(8)/;/=='72

G%H#$#;.%'('=% =:!0'(8/<B

L#78#;#< f, g ∈ R→ R6 a ∈ intDf ∩ intDg 9= )2>242 f, g ∈ D(a)2 M<</$B

N2 f ± g ∈ D(a) 9= (f ± g)′(a) = f ′(a)± g′(a)

 2 f ∗ g ∈ D(a) 9= (f ∗ g)′(a) = f ′(a) ∗ g(a) + f(a) ∗ g′(a)

O2 λ ∗ f ∈ D(a) 9= (λ ∗ f)′(a) = λ ∗ f ′(a)

P2 g(a) 6= 0 #=#)9;

f

g
∈ D(a) 9= (f

g
)′(a) = f ′(a)∗g(a)−f(a)∗g′(a)

(g(a))2

Q==:#)#)) >R77&9;8 "#$%&'()E!B

f, g ∈ R → R6 Ωg ⊂ Df 6 g ∈ D(a) 9= f ∈ Dg(a)2 M<</$ (f ◦ g)′(a) =
f ′(g(a)) ∗ g′(a)

S;&#$: >R77&9;8 "#$%&'()E!B

T2>24 f : (a, b)→ R ↑6 >/(8)/;/= 9= f ∈ D(ξ) 9= f(ξ) 6= 02 M<</$

L9)#:%< f−1 9= f−1 ∈ D(η) 9= f(ξ) = η 9= (f−1)(η) = 1
f ′(ξ)

= 1
f ′(f−1(η)



 

 !"#$#%&#' &#&()('*

• !"##$ %&'()'% )')$#$*
+,-,., f ∈ R→ R, /0

+ f ∈ C[a, b]

+ f ∈ D(a, b)

+ f(a) = f(b)

1"('23) '!4(&'("5'6 .789 )#&("5' ξ ∈ (a, b) : f ′(ξ) = 0

• ,-./01 %&'()'% )')$#$*
:(89(;(' f, g ∈ R→ R -4<(' #= &,-,.*

+ f, g ∈ C[a, b]

+ f, g ∈ D(a, b)

+ 2>%?()9 x ∈ (a, b) : g′(x) 6= 0

+ g(a) 6= g(b)

1"('23) '!4(&'("5'6 .789 )#&("5' ξ ∈ (a, b) : f(b)−f(a)
g(b)−g(a)

= f ′(ξ)
g′(ξ)

• 2-3(-43$ %&'()'% )')$#$*
:(89(; f ∈ R→ R #= &,-,.*

+ f ∈ C[a, b]

+ f ∈ D(a, b)

1"('23) '!4(&'("5'6 .789 )#&("5' ξ ∈ (a, b) : f ′(ξ) = f(b)−f(a)
b−a

@!"#$#%&#'&#&()(' 0)'0)?0">=05*

• A()>&.0&B6 .789 '7;=&0;= C(%54>)&D0 E,

• /0 f, g ∈ R → R -4,('%( f ′ ≡ g′6 0''7% f = g + c(c ∈ R) 0"7' F=0'

'7;=&0;=20; 'G)!;2!";(',

H5I(%(;F5>)=">?J&>= 0)'0)?0">=05*

K"#)=3#%&#'(' '(%(=#=(*

• L" f ⊂ R → R -4,;(' )7'>)5= ="#)=3#%&#'( 40; 0" a ∈ intDf $7;&20;6

.0 0" f ′(a) = 0 #= 0 C(%54>)&-G884#;9 ()3D()(& 4>)&,



 

• !" f ∈ Rn → Rm
#$%&'( )*(+),- -".)-/.01.(' $2& 2" a ∈ intDf 3*&142&5

62 72--'89+10,: 3*",1;$ $2<= &'<21;$ >'?&,1%

@,'92&& ,&1'<0+)

A0,9,1;$ #B<<$.&=C

!" I ⊂ R ,&1'0$2))D9*& .01')9'"'11 f : F → R #$%&'( 30,9,1;$ #B<<$.&='

F : I → R5 62 F ∈ D(I) .- 4+09')= i ∈ I : F ′(i) = f(i)%

@,'92&& ,&1'<0+)621E-+<C

!" f : [a, b] → R (*0)+1*- #B<<$.&= @,'92&& ,&1'<0+)621E 2" [a, b] ,&1'0$2)8
)D9*&5 62 2 F204*D: #.)' ,&1'<0+)*(02C I∗(f) = I∗(f)%

G')'C f ∈ R[a, b]5 2" ,&1'<0+)H2C

∫ b

a
f(x)dx

A20I,+),- ,&1'<0+)+- 1.1')'C

J%#%6%

• f, g ∈ D(I)5 x ∈ I 0K<";1'115

• f ′ ∗ g #$%&'( ).1'",( 30,9,1;$ #B<<$.&='% L((*0 f ∗ g′8&'( ,- ).1'",(

30,9,1;$ #B<<$.&='C

∫

f ∗ g′ = f ∗ g −
∫

f ′ ∗ g

M&1'<0+)+- 6')='11'-;1.--')C

J%#%6%C

• g : I → R : g ∈ D(I)

• ).1'",( J ∈ R : Ωg ∈ J

• f : J → R #$8&'( ).1'",( 30,9,1;$ #B<<$.&='%

! #'&1,'(4/) (K$'1('",(5 6*<= f ◦ g ∗ g′8&'( ,- $2& 30,9,1;$ #B<<$.&='C

∫

t0
(f ◦ g) ∗ g′ =

∫

g(t)
f ∗ g

N'O1*&8P',4&," #*09D)2C

P'<='& f : I → R% J%#%6C

• f ∈ R[a, b]

• f 8&'( $2& 30,9,1;$ #B<<$.&='C F



 

! "#$%&#'()* '+,#%'#-&'. /0123

∫ b

a
= F (b)− F (a)

!*'4*54-670'3

• 8,9:#' 4*4%%& %#;<*#% '&7-65=%674 >?*9 @-&'4A9

• B='&C050' %#;<*#%D$#' '&7-65=%6749

• Rn
:(#*& 1+;(D' =,/077-6$4' '&7-65=%6749
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